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ABSTRACT
Ultracompact minihaloes (UCMHs) can form after the epoch of matter-radiation
equality, if the density fluctuations of dark matter have significantly large amplitude
on small scales. The constraint on the UCMH abundance allows us to access such
small-scale fluctuations. In this paper, we present that, through the measurement of
21-cm fluctuations before the epoch of reionization, we can obtain a constraint on
the UCMH abundance. We calculate the 21-cm signal from UCMHs and show that
UCMHs provide the enhancement of the 21-cm fluctuations. We also investigate the
constraint on the UCMH abundance and small-scale curvature perturbations. Our
results indicate that the upcoming 21-cm observation, the Square Kilometre Array
(SKA), provides the constraint on amplitude of primordial curvature power spectrum,
Aζ . 10
−6 on 100 . k . 1000 Mpc−1. Although it is not stronger than the one from
the non-detection of gamma-rays induced by dark matter annihilation in UCMHs, the
constraint by the SKA will be important because this constraint is independent of the
dark matter particle model.
Key words: cosmic background radiation – dark ages – reionization – first stars –
inflation – large-scale structure of Universe
1 INTRODUCTION
Recent developments of cosmological observations allow us
to access the detailed nature of the seeds of galaxies, galaxy
clusters and large-scale structures. The precise measure-
ment of the anisotropy in the cosmological microwave back-
ground (CMB) radiation strongly shows that the statistical
property of the seeds can be expressed in the almost scale-
invariant power spectrum of the curvature perturbations
with the amplitude Aζ ∼ 10−9 (Planck Collaboration et al.
2018), which is consistent with the prediction in the in-
flation paradigm (Guth & Pi 1982; Bardeen et al. 1983).
The observations of Lyman-alpha forest support that this
tendency is confirmed up to the wave number k ∼
1Mpc−1 (McDonald et al. 2006; Bird et al. 2011). However,
probing the perturbations below Mpc scales is still a chal-
lenge. Currently we have the upper limit on the ampli-
tude of the small-scale amplitude through the constraint
on the CMB distortions (Chluba et al. 2012; Dent et al.
2012), the primordial black hole abundance (Josan et al.
2009 and see references therein) and gravitational waves,
though these constraints are weaker than those on large
scales (see Emami & Smoot 2018 for review).
Now ultracompact minihaloes (UCMHs) draw attention
to access the perturbations on such small scales. UCMHs
are predicted to form with the excess power on small
scales (Ricotti & Gould 2009). The dark matter density
fluctuations can grow after entering the horizon even be-
fore the epoch of radiation-matter equality. Therefore, the
overdensity regions with the density fraction δ > 10−3
at the horizon entry can collapse to minihaloes around
z ∼ 1000 well before the standard structure formation
history. Since UCMHs could be formed by the radial in-
falling in high redshifts, UCMHs are assumed to have a
more compact profile with a larger central density than typ-
ical dark matter halos in the standard hierarchical struc-
ture formation (Ricotti & Gould 2009). The first cosmolog-
ical simulation of the UCMH formation has been done by
Gosenca et al. (2017). They showed that a large amplitude
on small scales leads to the early structure formation and
the resultant dark matter halos have a large density. Re-
cent numerical simulations by Delos et al. (2018a,b) showed
that UCMHs originated from the spike-shape spectrum on
small scales have the Moore profile, ρ ∝ r−3/2 at the inner
cusp region (Moore et al. 1999), which is steeper than the
Navarro-Frenk-White (NFW) profile (Navarro et al. 1995).
If the dark matter is a weakly interacting massive
particle (WIMP) (Steigman & Turner 1985; Jungman et al.
1996; Kolb et al. 1999), then UCMHs can become cosmo-
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logical gamma-ray sources because the signal of the an-
nihilation of WIMPs is enhanced in the dense region at
the centre of UCMHs. Currently, the non-detection of the
gamma-ray emission from the WIMP annihilation provides
the constraint on the UCMH abundance and the stringent
constraints on the small-scale curvature power spectrum,
Aζ < 10
−7 for 10 < k < 108 Mpc−1 (Josan & Green 2010;
Scott & Sivertsson 2010; Bringmann et al. 2012; Clark et al.
2016; Nakama et al. 2018; Delos et al. 2018a,b). The non-
detection of neutrino from the WIMPs also provides a sim-
ilar constraint (Yang et al. 2013; Nakama et al. 2018). The
Thomson scattering optical depth for the CMB photons also
provides the UCMH abundance because the annihilation
gamma-ray from UCMHs can contribute to the photon bud-
get for cosmic reionization (Zhang 2011; Yang et al. 2011;
Yang 2016; Clark et al. 2017). Observations of gravitational
lensing by UCMHs also constraint the UCMH abundance
(Li et al. 2012; Clark et al. 2016).
The aim of this paper is to demonstrate that fu-
ture 21-cm observations can provide the constraint on the
UCMH abundance and small-scale curvature power spec-
trum, which does not require the dark matter particle
model. The measurements of 21-cm line emitted by hy-
perfine transition of neutral hydrogen form high redshifts
universe are expected to be a powerful tool to probe the
structure formation during the dark ages to the epoch
of reionization (EoR) (Furlanetto et al. 2006). The signal
amplitude strongly relates to the spatial distribution of
neutral hydrogen in the intergalactic medium (IGM) and
collapsed objects. The 21-cm observations can probe the
IGM matter fluctuations on much smaller scales than the
Silk scales (Loeb & Zaldarriaga 2004). Minihaloes which
formed in the early stage of the hierarchical structure for-
mation history, are also promised source of 21-cm sig-
nal in high redshifts (Iliev et al. 2002; Furlanetto & Oh
2006). Recent studies have shown that the measurements
of their signals by future observations provide the de-
tailed stochastic nature of small-scale density fluctuations
including the running spectrum, non-Gaussianity and so
on (Chongchitnan & Silk 2012; Sekiguchi et al. 2018, 2019).
It was also suggested that 21-cm observations can pro-
vide the limit on the Primordial Black Hole (PBH) abun-
dance indirectly (Mack & Wesley 2008; Tashiro & Sugiyama
2013). Nowadays, several projects are conducting observa-
tion to detect the 21-cm fluctuations around and before
the EoR, e.g., the Low Frequency Array (van Haarlem et al.
2013), the Giant Meterwave Radio Telescope (Paciga et al.
2011), the Murchison Widefield Array (Tingay et al. 2013;
Bowman et al. 2013)and the Precision Array for prob-
ing the EoR (Parsons et al. 2010). Since the measure-
ment of 21-cm fluctuations through these observations is
very difficult, there are only the upper limit on the 21-
cma˜A˘A˘fluctuations (Patil et al. 2017; Paciga et al. 2013;
Ali et al. 2015; Beardsley et al. 2016; Li et al. 2019). How-
ever, it is expected that the high sensitivity of the future
instrument, the Square Kilometre Array (SKA), can mea-
sure the 21-cm fluctuations up to the redshift z ∼ 28
(Koopmans et al. 2015).
In this paper, we discuss the possibility of SKA to
measure the 21-cm fluctuations originated in UCMHs. Con-
structing the baryon gas model in UCMHs, we first evaluate
the 21-cm fluctuations created by UCMHs. Then we evalu-
ate the detectability of these 21-cm fluctuations by the SKA
and discuss the possible constraint on both of the UCMH
abundance and the small-scale primordial curvature pertur-
bations.
This paper is organised as follows. In section 2, we
present a brief review about UCMHs. In section 3, we con-
struct the baryon gas model in UCMHs considering the hy-
drostatic equilibrium with the compact dark matter profile
in UCMHs. Then we evaluate the 21-cm signal from an in-
dividual UCMH. In section 4, we calculate the 21-cm fluc-
tuations due to the UCMHs distribution. We also discuss
the detectability of these fluctuations by the SKA. Based
on the discussion, we provide the possible constraint on the
UCMHs and the primordial curvature perturbations. Finally
we give a conclusion of this paper in section 5.
Throughout this paper we assume the flat ΛCDM cos-
mology with Hubble constant h = 0.701, matter density
Ωm = 0.1408h
−2 , baryon density Ωb = 0.022h
−2 , dark mat-
ter density Ωdm = 0.1187h
−2 , scale invariant spectral index
ns = 0.965, and power spectrum normalized factor σ8 = 0.8.
2 UCMHS WITH THE SPIKED MATTER
SPECTRUM
Small-scale matter density fluctuations with larger ampli-
tude can be seeds of UCMHs. In this section, we begin with
the brief review of UCMHs with the spiky shape power spec-
trum, according to Delos et al. (2018a,b).
Adding on to the nearly scale-invariant spectrum, we
consider the spike shape of the primordial curvature power
spectrum on a small scale, which enters the horizon during
the radiation dominated era,
Pζ(k) = Aζksδ(k − ks), (1)
where Aζ is the amplitude of the spike shape and ks is the
wave number of the spike. During the radiation dominated
era, the dark matter fluctuations can grow logarithmically.
Here, for simplicity, we adopt the Dirac delta function to
represent the additional spike-shape spectrum. Then after
the radiation-matter equality, they evolve proportionally to
the scale factor. When the density amplitude in a overden-
sity region reaches the critical value for the collapse, the
overdensity region can collapse to a dark matter halo as the
standard hierarchical structure formation.
However, when the spike amplitude is much larger than
one of the ordinary scale-invariant spectrum, the properties
of the resultant dark matter halo are different from that
of the standard dark matter halos. N-body simulations by
Delos et al. (2018b) showed that the spike spectrum pro-
duces the isolated distribution of compact dark matter halos,
that is UCMHs. The resultant dark matter density profile
in a UCMH is represented by a self-similar form as
ρdm(r) = ρsydm
(
r
rs
)
, (2)
where r is the radial distance from the centre, ρs is the scale
density and rs are the scale radius. The non-dimensional
density profile ydm is given by
ydm(x) =
1
xα(1 + x)3−α
, (3)
with defining x ≡ r/rs. The simulations demonstrated that
MNRAS 000, 000–000 (0000)
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the index α for UCMHs is α = 1.5, that is the Moore pro-
file (Moore et al. 1999). It is known that the hierarchical
structure formation yields the NFW profile (Navarro et al.
1995) whose index corresponds to α = 1. Therefore, UCMHs
have a steeper dark matter profile in the inner region.
Delos et al. (2018b) also showed that ρs and rs are re-
lated to the UCMH forming redshift zc and the wave number
of the spike as
ρs = 30(1 + zc)
3Ωmρcrit,0 (4)
rs = 0.7[(1 + zc)ks]
−1, (5)
where ρcrit,0 is the critical density at present.
For the UCMH (virial) mass, Mvir, we adopt the mass
enclosed within r200,
Mvir = 4piρsr
3
sm(uν), (6)
m(x) ≡
∫ x
0
u2ydm(u)du. (7)
where uv is uv ≡ r200/rs and the scale r200 is defined as
the scale inside which the averaged dark matter density is
200 times the mean dark matter density of the Universe. We
found that the UCMH mass is related to zc and ks as in
Mvir ∼ 4× 103 M⊙ ×
(
ks
103 Mpc−1
)−3
ln
(
1 + zc
1 + z
)
. (8)
Therefore, the virial mass of a UCMH grows logarith-
mically even after the formation of the UCMH. This growth
corresponds to the late-time accretion on the outer region
suggested in the simulation (Delos et al. 2018b). The num-
ber density of UCMHs can be evaluated from the peak the-
ory (Bardeen et al. 1986), because UCMHs form at the peak
locations of the density fluctuations following the peak shape
spectrum. The differential UCMH number density by the
formation redshift zc can be expressed in
dn
dzc
=
k3s
1 + zc
h
[
δc
σd(zc)
]
, (9)
where δc is the critical density contrast for collapse, δc =
1.68. σd(z) is the root-mean-squared (rms) variance of the
density fluctuation given by the peak shape spectrum at the
redshift z. In equation (9), h(ν) is given by
h(ν) =
ν
(2pi)233/2
e−ν
2/2f(ν). (10)
where f(ν) is provided in equation (A15) of Bardeen et al.
(1986). For the detailed derivation of equation (9), we refer
readers to the appendix in Delos et al. (2018b). Through
equation (9), the abundance of UCMHs is related to the
spike shape properties, Aζ and ks. Hence, once we obtain
the constraint on the abundance of UCMHs, we can provide
the limit on the peak-shape spectrum through equation (9).
3 TWENTY ONE CM SIGNAL FROM A
SINGLE UCMH
In this section, we evaluate the 21-cm signal from a single
UCMH. The 21-cm signal is sensitive to the gas density pro-
file in a UCMH. Therefore, we first derive the profile in a
UCMH assuming the hydrostatic equilibrium with the grav-
itational potential of the dark matter profile presented in
the previous section.
3.1 Baryon gas mass in UCMHs
Baryonic density fluctuations, unlike the dark matter, can-
not grow before the decoupling of photons. After the decou-
pling, the baryon density fluctuations start to evolve, fol-
lowing the dark matter density fluctuations. However, since
the baryon gas resists the gravitational collapse, there is
the critical scale for the collapse, the so-called Jeans scale.
Therefore, to evaluate the baryon gas mass inside UCMHs,
we consider two scenarios depending on the spike scale, ks.
When ks is smaller than the Jeans wave number, kJ, the
baryon density fluctuations with ks can grow and collapse,
following the dark matter density evolution. Therefore, for
simplicity, we assume that UCMHs can have the baryon gas
whose mass ratio to dark matter is the same as the ratio of
the cosmological background,
Mgas(z) =
Ωb
Ωdm
Mvir(z) (for ks < kJ). (11)
On the other hand, when ks is larger than kJ, the
baryon density fluctuations with ks cannot evolve due to its
own pressure. However, UCMHs can host dense baryon gas
through the accretion of baryon gas. We obtain the accreted
baryon gas mass at the redshift z from
Mgas(z) =
∫ zacc
z
dz′
M˙gas(z
′)
(1 + z′)H(z′)
(for ks > kJ), (12)
where zacc is the starting redshift of the gas accretion. We set
zacc to zacc = min[zc, zdec] where zdec is the redshift for the
decoupling of photons. For the accretion rate, M˙gas(z), we
adopt the Bondi-Hoyle-Lyttleton accretion (Bondi & Hoyle
1944),
M˙gas(z) = 4piG
2Ωbρcrit(z)M
2
vir(z)v
−3
r (z). (13)
Here vr is the relative velocity between baryon and dark mat-
ter, vr(z) = 30 kms
−1[(1+z)/1000] (Tseliakhovich & Hirata
2010)1. Note that, to avoid the over-accretion to UCMHs,
we set the upper limit of the accretion gas mass, Mgas <
MvirΩb/Ωdm.
In figure 1, we plot the baryon gas mass ratio to the
dark matter mass in UCMHs, fmass = Mgas/Mvir, at the
redshift z = 20 as a function of the spike wave number ks.
The black solid, dashed and dotted lines represent fmass for
UCMHs collapsed at zc = 50, 100, and 1000, respectively.
For reference, we plot the Jeans wave number at z = 20 in
the blue thin vertical line. Through this paper, we adopt the
Jeans wave number in (Barkana & Loeb 2001).
When the spike wave number is smaller than kJ we as-
sume that the baryon can collapse following the dark matter.
Therefore, the gas mass ratio is fmass = Ωb/Ωdm as shown
in equation (11). On the other hand, when ks > kJ, UCMHs
obtain the baryon gas through the accretion with the accre-
tion rate in equation (13). Since the accretion rate is propor-
tional to M2vir ∝ k−6s , the baryon gas mass steeply declines
with increasing ks. Figure 1 also shows that a UCMH with
1 Here, we neglect the contribution of the baryon thermal veloc-
ity, which is smaller than the relative velocity between baryon and
dark matter (Tseliakhovich & Hirata 2010). The peak spectrum
also causes the additional relative velocity. However, the velocity
is suppressed by the wave number k. Therefore, we also neglect
this contribution.
MNRAS 000, 000–000 (0000)
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Figure 1. Baryon gas mass ratio to the dark matter
mass, fmass = Mgas/Mvir, at the redshift z = 20. The solid,
dashed, and dotted black lines show the baryon gas mass fraction
of the UCMH formed at zc = 50, 100, and 1000, respectively. We
also provide the Jeans wave number at z = 20 in a vertical blue
line.
large zc has high gas mass ratio. When the UCMH formation
happens in higher redshifts, the UCMH undergoes the long
duration of the accretion. As a result, the earlier the UCMH
forms, the larger the accreted gas mass is in the UCMH.
3.2 Baryon gas density and temperature in
UCMHs
Now we evaluate the density and temperature profiles of
the baryon gas following the method of Komatsu & Seljak
(2001), which is based on the hydrostatic equilibrium as-
sumption.
Since the dark matter profile is expressed in the self-
similar form, the gas density profile of UCMHs, ρgas, would
also be the self-similar form as
ρgas(r) = ρgas(0)ygas
(
r
rs
)
, (14)
where ygas(x) is the non-dimensional gas profile normalized
as ygas(0) = 1. Applying the polytropic gas model with the
polytropic index γ, we can write the gas temperature profile
in
Tgas(r) = Tgas(0)y
γ−1
gas
(
r
rs
)
. (15)
The assumption of the hydrostatic equilibrium allows us
to relate the gas pressure profile to the dark matter density
profile,
ρ−1gas
dPgas
dr
= −GM(r)
r2
. (16)
Here we assume that the gas component does not contribu-
tion to the gravitational potential. To derive the pressure
profile, we adopt the equation of state of ideal gas,
Pgas =
kBTgas
µmp
ρgas, (17)
where kB is the Boltzmann constant, mp is the proton mass
and µ is the mean molecular weight of the gas. Using equa-
tions (15) and (16), ygas can be derived as (Suto et al. 1998)
yγ−1gas (x) = 1− 3η−10
γ − 1
γ
uv
m(uv)
∫ x
0
du
m(u)
u2
, (18)
where the mass-temperature normalization factor η0 is ex-
pressed as
η0 =
3kBr200Tgas(0)
GµmpMvir
. (19)
To obtain the gas profile, it is required to fix η0 and
γ. For the determination of these parameters, we take the
assumption that the gas profile traces the dark matter profile
outside halo core. This condition is satisfied by imposing the
slopes of these two profiles to match,
s∗ ≡ d ln ρdm(x)
d ln x
∣∣∣∣
x=x∗
=
d ln ρgas(x)
d ln x
∣∣∣∣
x=x∗
, (20)
where x∗ is the location outside the core region. As a result,
we obtain
γ = 1− 1
s∗
+
∂ ln[m(x∗)/s∗]
s∗∂ ln x∗
, (21)
η0 = 3γ
−1
[(−1
s∗
)[
x−1∗ m(x∗)
u−1v m(uv)
]
+ (γ − 1) uv
m(uv)
∫ x∗
0
du
m(u)
u2
]
,
(22)
where s∗ is provided from the dark matter distribution,
s∗ = −
[
α+ (3− α) x∗
1 + x∗
]
. (23)
One can see that η0 is a function of x∗ and γ. It is
preferable that η0 does not depend on the location x∗. To
satisfy this condition, we impose the following condition,
according to Komatsu & Seljak (2002),
∂η0
∂x∗
= 0, (24)
with setting x∗ = uv. This equation yields
γ =
16u2v + 20uv + 5
3(1 + 2uv)2
− 2uv
3(1 + 2uv)m(uv)
(
uv
1 + uv
)1/2
,
(25)
where m(x) is given by
m(x) = 2 ln(
√
x+
√
1 + x)− 2
√
x
1 + x
. (26)
The final parameter to determine the gas profile is
ρgas(0), which we obtain through
ρgas(0) =Mgas
[
4pir3s
∫ uv
0
ygas(u)u
2du
]−1
, (27)
where Mgas is given in equations (11) and (12).
3.3 Brightness temperature
Let us evaluate the 21-cm signal of a single UCMH at z. First
we consider a line of sight intersecting the UCMH with the
impact parameter αR (in unit of r200) from its centre. The
brightness temperature along this line of sight is given by
Tb(αR) = TCMB(z)e
−τ(αR) +
∫ Rmax
−Rmax
Ts(l)e
−τ(αR,R) dτ
dR
dR,
MNRAS 000, 000–000 (0000)
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(28)
where TCMB(z) = TCMB,0(1 + z) with TCMB,0 = 2.73K, R
is the coordinate along the line of sight, whose origin is set
to the centre of the UCMH, Ts is the radial profile of the
spin temperature in the UCMH (we will discuss later), l
represents the radial distance satisfying l2 = R2+(αRr200)
2
and Rmax is defined as R
2
max ≡ r2200(1− α2R).
The optical depth, τ (R), for the frequency at the rest
frame of the UCMH, ν, is calculated from
τ (αR, R) =
3c2A10T∗
32piν2∗
∫ R
−Rmax
nHi(l)φ(ν, l)
Ts(l)
dR, (29)
where T∗ is T∗ = 0.0681 K and ν∗ = 1440 MHz, A10
represents the Einstein A coefficient for the 21-cm transi-
tion, A10 = 2.85 × 10−15s−1, and nHi(r) provides the ra-
dial profile of neutral hydrogen which we obtain through
nHi(r) = (1− Y )ρgas/mp with the helium fraction Y . Here
φ(ν, r) is the line profile at the radial distance r for the rest-
frame frequency ν, which suffers the Doppler broadening due
to the thermal velocity of the gas,
φ(ν, r) =
1
∆ν
√
pi
exp
(
− (ν − ν∗)
2
∆ν2
)
, (30)
where the Doppler width ∆ν is given by
∆ν =
ν∗
c
√
2kBTgas(r)
mH
. (31)
In equation (28), τ (αR) is obtained by τ (αR) =
τ (αR, Rmax). Hereafter, we set ν to ν = ν∗ [that is, the ob-
served frequency is νobs = (1+z)ν∗]. We provide a comment
about this setting in section 4.
To calculate equation (28) with equation (29), it is re-
quired to evaluate the spin temperature which is related to
the ratio of the number densities of the two hyperfine struc-
ture levels. The spin temperature is given by (Field 1959),
T−1s =
T−1CMB(z) + xcT
−1
gas + xαT
−1
α
1 + xc + xα
, (32)
where Tα is the colour temperature of Lyα photons, and
xc and xα represent the coupling coefficients for the gas
collisions and the Lyα pumping, respectively. In this paper,
we set xα = 0, because we assume that there exist no UV
and X-ray external sources. The coupling coefficient for gas
collisions is expressed in
xc =
T∗
A10TCMB
CHi, (33)
where CHi is the collisional coefficient between Hi atoms and
we adopt the value in Kuhlen et al. (2006). Note that, since
we assume that the gas inside UCMHs as fully neutral one,
we neglect the contribution from the collisions of Hi with
protons and electrons. Using equation (32) with the gas ra-
dial profile obtained in section 3.2, we obtain the radial pro-
file of the spin temperature in the UCMHs for equations (28)
and (29).
The effective brightness temperature averaged over the
single UCMH cross-section, S = pir2200, is given by
Tb,zc =
∫
TbdS
S = 2
∫ 1
0
Tb(αR)αRdαR. (34)
We measure the 21-cm signals as the difference of the
15 20 25 30 35 40
z
10−2
10−1
100
|δ
T b
,z
c
×

| [
K
⋅k
pc
2 ]
zc=50, ks=300 [Mpc−1]
zc=100, ks=300 [Mpc−1]
zc=1000, ks=300 [Mpc−1]
Figure 2. The 21-cm signal from a single UCMH, which is given
by a product of the differential brightness temperature and a ge-
ometrical cross-section of UCMH, as a function of redshift. We
show the 21-cm signal from a single UCMH at the formation red-
shift zc = 50, 100, 1000 as the solid, dashed and dotted black lines,
respectively.
brightness temperature from the CMB temperature, which
is called the differential brightness temperature. The differ-
ential brightness temperature for the single UCMH at the
redshift z can be calculated from
δTb,zc(z) =
Tb,zc
1 + z
− TCMB(0). (35)
Figure 2 provides the evolution of the 21-cm signal from
the single UCMH. In this figure, the y-axis is the product
of the differential brightness temperature and the UCMH
cross-section, which corresponds to the total 21-cm flux from
the single UCMH. Here we set ks = 300 Mpc
−1 which is
smaller than kJ at z = 10. In this case, the signal is observed
as emission on the CMB frequency spectrum. The 21-cm
signal becomes strong as the baryon gas mass or temperature
in the UCMH increases. Therefore, the signal monotonically
becomes larger as the redshift decreases, because the UCMH
virial mass grows logarithmically due to the accretion as
shown in equation (8) even with fixing ks.
In figure 2, we also show the dependence of the sig-
nal on the collapse redshift, zc. UCMHs collapsed in higher
redshifts have larger virial mass, according to equation (8).
Hence, the UCMH with higher zc provides the stronger sig-
nal, compared to the one with small zc.
We plot the signal as a function of ks in figure 3. The
black lines represent the emission signals, while the red ones
denote the absorption signal. Larger ks provides UCMHs
with small gas mass and low baryon gas temperature. There-
fore, as ks becomes larger, the spin temperature decreases
and, then, the signal shifts from the emission to absorption
because the averaged spin temperature cannot exceed the
CMB temperature in such low UCMH mass. The figure also
tells us that the signal radically decreases when ks is larger
than kJ. This is because the baryon with such ks cannot col-
lapse to the UCMH and the baryon gas mass fraction drops
down as shown in figure 1.
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Figure 3. Dependence of the 21-cm signal from a single UCMH
on the spike scale ks. The solid and dashed lines correspond to the
21-cm signal from a single UCMH at zc = 100and1000, respec-
tively. The vertical line show the Jeans wave number at z = 20.
4 THE 21-CM FLUCTUATIONS DUE TO THE
UCMH CLUSTERING
The angular scale of an individual UCMH on the sky is
too small to be resolved even by upcoming 21-cm observa-
tions such as the SKA. Therefore, the key observable for
the UCMHs is the differential brightness temperature fluc-
tuations due to the number density fluctuation of UCMHs
in the observational beam. In this section, we evaluate the
rms fluctuations due to the UCMH as the 21-cm signal of
UCMHs.
Now we consider the ensemble of UCMHs formed in the
redshift from zc,max to zc,min. Following Iliev et al. (2002),
the mean 21-cm differential brightness temperature from
this ensemble at the redshift z is given by
δTb(z) =
c(1 + z)4
ν∗H(z)
∫ zc,max
zc,min
∆νeff(z)δTb,zc(z)S
dn
dzc
dzc. (36)
Here we set zc,max = 4000 and zc,max = 50, and ∆νeff is the
effective linewidth, which is provided by
∆νeff(z) = [φ(ν∗)(1+ z)]
−1 ≈ ν∗
c(1 + z)
√
2pikBT gas(z)
mH
, (37)
where T gas(z) is the volume averaged temperature within an
individual UCMH. To calculate the mean 21-cm differential
brightness temperature, it is required to evaluate the total
flux integrated over the line profile. Instead of this integra-
tion, we take the rectangular approximation whose width is
∆νeff and height is obtained by setting ν = ν∗ for the opti-
cal depth in equation (29) (for more detailed discussion, we
refer readers to section 2 in Iliev et al. 2002).
On large scales, UCMHs are distributed homogeneously
with the number density n =
∫
dzcdn/dzc. However, as the
scale-invariant fluctuations on large scales evolve, the distri-
bution of UCMHs can gravitationally trace this fluctuations
on large scales. Therefore the number of UCMHs in an obser-
vational beam volume is fluctuated, depending on the matter
density fluctuations in the beam. The rms fluctuations due
to UCMHs can be evaluated by
〈δT 2b 〉1/2(z) = β(z)σp(z)δTb(z), (38)
where σp is the rms fluctuation of the matter density av-
eraged in the observation beam volume. We adopt the
cylinder-shape beam: the diameter and height of the
cylinder-shape beam respectively correspond to the angu-
lar resolution, ∆θ, and the frequency resolution, ∆ν, of the
observations. In this configuration, σp is given by
σp(z) =
∫
∞
0
dk
k
P(k, z)Wcy(k, z), (39)
where P(k, z) is the non-dimensional matter power spectrum
at the redshift z. For the matter power spectrum, we use the
amplitude σ8 = 0.81 and the spectral index ns = 0.965. The
cylinder-shape beam window function is expressed in
Wcy(k, z) =
16
R2L2
∫ 1
0
dx
sin2(kLx/2)J21 (kR(1− x2)1/2)
k4x2(1− x2) ,
(40)
where R and L are the comoving radius and height of
the cylinder, R = ∆θ(1 + z)DA(z)/2 and L ≈ (1 +
z)2c(∆ν/ν∗)/H(z).
In equation (39), β(z) is the bias factor for the UCMH
clustering to the matter density fields. We assume that β
can be obtained by the flux weighted average of the linear
bias over the different collapse redshifts,
β(z) =
∫ zc,max
zc,min
b∆νeff(z)δTb,zc(z)S dndzcdzc∫ zc,max
zc,min
∆νeff(z)δTb,zc(z)S dndzc dzc
, (41)
where b is the linear bias in the peak theory (see equa-
tion (24.b) with equations (17) and (25) in Mo et al. 1997).
With the redshift decreasing, b is monotonically becomes
small.
First we show the redshift evolution of the 21-cm fluctu-
ations of UCMHs in the top panel of figure 4. When the red-
shift decreases, the fluctuations also become large as same
as the single UCMH signal in figure 2. Note that we do
not consider the impacts of cosmic reionization process. The
abundant ionization photon background during the EoR can
photoevaporate the neutral gas in UCMHs similarly to the
case of minihaloes (Iliev et al. 2005). This photoevapolation
suppresses the amplitude of the fluctuations near the EoR,
z . 10.
In the top panel of figure 4, we also show the dependence
of the fluctuations on the amplitude Aζ . The increment of
Aζ enhances the fluctuations through two effects. The first
one is to increase the number density of the UCMHs. How-
ever in our interested scales and redshifts, the number den-
sity is saturated when Aζ > 10
−7. Hence, the enhancement
through the number density is weak. The second one is that
increasing Aζ results in the early-time formation of UCMHs.
As shown in figure 2, the UCMHs forming in high redshifts
provide large signals. This effect provides the dependence on
Aζ in the top panel of figure 4.
The bottom panel in figure 4 shows the dependence on
ks for two different Aζ at z = 20. As ks increases, the in-
dividual UCMH signal becomes small. Following its signals,
the rms fluctuations also decline. When ks is larger than
the Jeans wave number, the signal rapidly drops down as
expected from the section figure 3.
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Figure 4. (Top panel) Redshift dependence of the 21-cm fluc-
tuations from UCMHs. The black solid line and the dashed lines
are the 21-cm fluctuations from UCMH for Aζ = 4.0× 10
−6 and
4.0 × 10−7, respectively. In both lines, we set ks = 300 Mpc−1.
We also plot the fluctuation from the IGM + MHs in the blue
dotted line, the SKA noise level in the blue dot-dashed line and
the sum of them in the blue solid line. (Bottom panel) Depen-
dence of the 21-cm fluctuations on the spike wave number ks at
z = 20. The solid line is for Aζ = 4.0×10
−6 while the dashed line
is for 4.0 × 10−7. The blue solid line represents the fluctuation
from the IGM + MHs with the SKA noise level.
4.1 Detectability with SKA
Several ongoing observations are attempting to detect the
21-cm fluctuation signal coming from z & 10, e.g., LO-
FAR, GMRT, MWA, and Paper. Although there has been
no report of the signal detection yet, some observations
have provided upper limits on the 21-cm fluctuations, e.g.,
δT 2b (k) < (49.0 mK)
2 at k ≈ 0.59hMpc−1 at z = 6.5 by
MWA (Li et al. 2019) and δT 2b (k) < (79.6 mK)
2 at k ≈
0.053hMpc−1 at z ∼ 10 by LOFAR (Patil et al. 2017).
However the maximum fluctuations by UCMHs in our
model, δT 2b . (5 mK)
2 at z = 20, is fairly smaller than sen-
sitivities of these instruments, we cannot provide the con-
straint on the UCMH abundance and the spike-shape power
spectrum by the current performance of the 21-cm fluctua-
tion observations.
The upcoming 21-cm observation, SKA, is expected to
detect and measure the 21-cm fluctuations at z & 10. We
discuss the detectability of the 21-cm signals from UCMHs
with the SKA. In this paper, to discuss the detectability
for the 21-cm signal from UCMHs, we estimate the 21-cm
fluctuations by the IGM and minihaloes (MHs) and the ob-
servational noise of the SKA as well as the one by UCMHs.
In figure 4, we plot the expected fluctuations due to
the IGM + MHs and the noise of SKA in the blue lines.
For the detailed calculation of them, we refer the reader to
the Appendix. We assume that the major contribution to
the noise is the foreground emission of the sky. Since the
foreground has the strong frequency dependence, the noise
rapidly blows up as the redshift increases (the observation
frequency decreases). In the frequency and angular resolu-
tions of our interest, the noise becomes larger than the IGM
+ MH fluctuations above z ∼ 20. Note that we ignore the
effect of cosmic reionization, which might enhance the 21-cm
fluctuations of the IGM below z ∼ 10 based on the Planck
constraint on Thomson scattering optical depth.
Our calculation has two free parameters related to the
spike-shape spectrum, ks and Aζ , and the amplitude of the
fluctuations depends on them. Taking the different param-
eter set, (ks, Aζ), we survey the parameter region in which
the 21-cm fluctuations of UCMHs can dominate the IGM +
MH fluctuations and noise at z = 20. We show such param-
eter region as the red region in figure 5. When there exists
the fluctuations due to the spike-shape spectrum in the red
region, the SKA can detect the excess of the 21-cm fluc-
tuations from the expected IGM + MH signals at z = 20.
In other words, when the SKA does not find the excess of
the 21-cm fluctuations, the delta-shape spectrum in the red
region can be ruled out.
At ks ∼ 700 Mpc−1, one can see the sharp cutoff in
figure 5. The cutoff scale corresponds to the Jeans scale at
the observation redshift z = 20. When ks > kJ, the baryon
mass fraction radically drops down in UCMHs, in particular,
which form late time. These UCMHs cannot host enough
amount of the baryon gas to produce strong 21-cm signals
for the detection. As a result, 21-cm observations cannot
provide the constraint below the Jeans scale.
Although we show the constraint only with the obser-
vation redshift z = 20, it is worth mentioning about its de-
pendence on the observation redshift. As shown in the top
panel of figure 4, the fluctuation amplitude increases with
the redshift decreases with fixing ks. Therefore, when we
take a redshift lower than z = 20, the constraint slightly be-
comes tighter. Moreover as the redshift decreases, the Jeans
scale becomes small. Accordingly, the sharp cutoff of the al-
lowed region on the high-k side shifts toward large k. When
we perform the 21-cm observation at z = 10, we can ex-
tend the red region to ks ≈ 1000 Mpc−1 which corresponds
to the Jeans scale at z = 10. However, in lower redshifts,
the cosmological reionization process creates the additional
21-cm fluctuations as mentioned above. The additional fluc-
tuations depend on the model of the reionization process.
Therefore, it is difficult to evaluate the possible constraint
on the primordial curvature amplitude with considering the
reionization impact.
At the last of this section, we discuss the impact of the
density profile on the 21-cm signals. In our calculation, we
take the Moore profile and evaluate the gas density and tem-
perature profiles based on the hydrostatic equilibrium. How-
ever, according to numerical simulations by Gosenca et al.
(2017), if the UCMH formation occurs in non-isolated sit-
uations, the profile of the resultant UCMHs can be well
fit by the NFW profile. To investigate the profile depen-
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Figure 5. Detectability of the signal from UCMHs with ob-
servation by SKA. The spike-shape parameter in the red region
can produce the 21-cm fluctuations due to UCMHs which can be
observed by SKA. Here we set the observation redshift z = 20.
The wave number on the left end of the red region corresponds to
kJ. The dotted line represents the lower bound for the detection,
when a UCMH dark matter distribution takes the NFW profile.
dence on the 21-cm signal, we simply adopt the NFW pro-
file as the dark matter density distribution with using equa-
tions (4) and (5), and evaluate the signal taking the proce-
dure in section 3 and 4. Since the NFW profile has a shal-
lower slope in the inner region than the Moore profile, the
signal from the NFW halo is weaker than that from the
Moore halo. We plot the critical amplitude for the detection
in the blue dotted line in figure 5. In short, when a UCMH
has a shallower profile, the constraint on the spike-shape
amplitude becomes loose.
5 CONCLUSION
UCMHs are originated in the density fluctuations with the
spike-shape spectrum on small scales. Therefore, the obser-
vational limit on the UCMH abundance leads the upper
bound on the small-scale power spectrum of the primordial
fluctuations. In this paper, we have evaluated the 21-cm sig-
nals from the UCMHs and have demonstrated that the SKA
can provide the upper limit on the abundance of the UCMHs
as well as the small-scale primordial fluctuations.
Since the 21-cm signal depends on the distribution of
baryon gas in UCMHs, we have constructed the theoretical
model of the baryon gas density and temperature, taking
the Moore profile as the dark matter density distribution
in UCMHs. Then we are first to have calculated the 21-cm
signal from an individual UCMH. As a result, we have found
that the individual signal becomes large as the UCMH mass
increases.
Our observable are the 21-cm fluctuations caused by
the number density fluctuations of UCMHs. We have in-
vestigated a relation between the 21-cm fluctuations and
the spike-shape spectrum of the primordial fluctuations. We
have shown that the 21-cm fluctuations by UCMHs become
large as the amplitude of the spike-shape increases or the
peak shifts to small scales. We also have found that the 21-
cm fluctuations due to UCMHs are in an order of mK in
the redshift range from z = 10 and 30. However, if the wave
number of the spike-shape spectrum becomes smaller than
the Jeans scale, the baryon gas mass in a UCMH drastically
decreases, leading to the significant decrement of the signal.
Though the 21-cm fluctuations by UCMHs does not
reach the sensitivity of the current observational instru-
ments, the SKA may detect the signal if there is the spike-
shape spectrum we have discussed on the primordial power
spectrum.
On the other hand, assuming non-detection of the signal
by the SKA, an upper limit on the curvature perturbations
is provided to Aζ . 10−6 on 100 Mpc−1 . k . 1000 Mpc−1.
Constraints on the UCMH abundance and the spike-shape
spectrum have been provided through the gamma-ray obser-
vation assuming a self-annihilation of dark matter particles
in UCMHs. Note that the constraint by the gamma-ray ob-
servation strongly relies on a model of dark matter, e.g.,
the annihilation mechanism and the mass of dark matter.
In contrast, the 21-cm emission is independent of these de-
tailed properties of dark matter. Therefore, the probe of 21-
cm fluctuations by future observations is expected to be a
more robust survey of the primordial fluctuation on small
scales.
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APPENDIX A: 21-CM SIGNALS FROM IGM
AND MHS
In this appendix, we give descriptions for construction of 21-
cm signals from IGM and MHs. Here, we assume xα = 0 in
Eq. (32) because we assume that no UV and X-ray sources
exist in the Universe above z = 20.
IGM fluctuations
The mean differential brightness temperature of the IGM is
given by (Madau et al. 1997)
δTb = 9.1 (1 + z)
1/2
(
1− TCMB
TS
)(
Ωbh
0.33
)(
Ωm
0.27
)−1/2
mK,
(A1)
where we assume that the IGM is fully neutral. For the IGM
spin temperature, we take the IGM gas temperature evolu-
tion with only the Compton heating.
The 21-cm signals spatially fluctuate, depending on the
baryon density fluctuations. We assume that the baryon dis-
tribution follows the matter density fluctuations. Accord-
ingly, the observed rms 21-cm fluctuations due to the IGM
can be evaluated in
〈δT 2b,IGM〉1/2 = σp(z)δTb, (A2)
where σp(z) is given in equation (39).
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In our evaluation, we do not take into account the con-
tribution of the ionization fluctuation in the IGM. This con-
tribution to the 21-cm fluctuations increases as the cosmo-
logical reionization proceeds. Therefore, our evaluation on
the IGM fluctuations is underestimated around z ∼ 10.
Minihalo fluctuations
minihaloes (MHs) are virialized objects with the virial
temperature Tvir < 10
4 K. In the standard hierarchical
structure formation, they form abundantly in high red-
shifts and are filled with neutral hydrogen atoms. There-
fore MHs are promised sources of 21-cm signals in high red-
shifts (Iliev et al. 2002; Furlanetto & Oh 2006).
In figure 4, we evaluate the 21-cm fluctuations due to
MHs in the same manner as in the case of UCMHs, except
for the dark matter profile. It is predicted that the dark
matter distribution in MHs can be described in the NFW
profile. For the concentration parameter, pcon ≡ rvir/rs in
the NFW profile, we set (Seljak 2000)
pcon =
10
1 + zc
[
M
M∗(z = 0)
]−0.2
, (A3)
Here M∗(z) satisfies σ(M∗, z) = δc where σ(M, z) is the dis-
persion of the density fluctuations smoothed with the top-
hat filter of the radius corresponding to mass M at the red-
shift z. In the calculation, we assume that the mass range of
MHs spans from the Jeans mass MJ to the virial mass with
Tvir = 10
4 K.
Noise level of SKA
The noise level of an interferometer such as SKA is given
with the observation wave length λ by Furlanetto et al.
(2006)
δTN(λ) =
λ2
Aeff∆θ2
Tsys√
∆νtobs
, (A4)
where Aeff , tobs and Tsysare the effective collecting area,
the observational time, and the system temperature, respec-
tively.
We are interested in low frequency observation, ν <
150 Hz. In such low frequency region, the sky temperature
is the dominant component om Tsys. We take the sky tem-
perature at high Galactic latitude where the foreground is
low in the sky,
Tsys ∼ 180
(
180 MHz
ν
)2.6
K. (A5)
Therefore, the noise level is given in
δTN(ν) = 0.507mK
(
8× 105m2
Aeff
)(
20′
∆θ
)2(
3MHz
∆ν
)1/2
×
(
1000h
tobs
)1/2 (
1 + z
21
)4.6
. (A6)
For SKA, we set Aeff = 8× 105 m2, ∆θ = 20 arcmin, ∆ν =
3 MHz and tobs = 1000 h.
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